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Question 1. (15 points) 
An infinitely long cylindrical tube, of radius a, moves at constant speed v along its axis. It 
carries a net charge per unit length 𝜆𝜆, uniformly distributed over its surface. Surrounding it, at 
radius b, is another cylinder, moving with the same velocity but carrying the opposite charge 
(−𝜆𝜆).  
 
1. Show that electric field is zero for s < a and s > b, while between the cylinders: 𝐄𝐄�⃗ = 1

2𝜋𝜋𝜖𝜖0

𝜆𝜆
𝑠𝑠
𝐬𝐬� 

(2.5 points) 

2. Show that magnetic field is zero for s < a and s > b, while between the cylinders: 𝐁𝐁��⃗ = 𝜇𝜇0
2𝜋𝜋

𝜆𝜆𝜆𝜆
𝑠𝑠
𝛟𝛟�  

(2.5 points) 

3. Find the energy per unit length 𝑊𝑊/ℓ stored in the fields. (5 points) 
4. Find the momentum per unit length 𝐩𝐩��⃗ /ℓ in the fields. (5 points)  
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Answers to Question 1 (Problem 8.14a,b) (10 points) 
1. Because of symmetry, 𝐄𝐄�⃗  is directed radially (along 𝐬𝐬�). Using a cylindrical Gaussian curface 
of a radius 𝑎𝑎 < 𝑠𝑠 < 𝑏𝑏 and length l: 

� 𝐄𝐄�⃗ ∙ 𝑑𝑑𝐚𝐚�⃗
𝑆𝑆

=  
1
𝜖𝜖𝑜𝑜
𝑄𝑄𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒;𝐸𝐸 ∙ 2𝜋𝜋𝜋𝜋𝜋𝜋 =

1
𝜖𝜖𝑜𝑜
𝜆𝜆𝜆𝜆;  𝐄𝐄�⃗ =

1
2𝜋𝜋𝜖𝜖0

𝜆𝜆
𝑠𝑠
𝐬𝐬� 

For s < a and s > b, 𝐄𝐄�⃗ = 0 because 𝑄𝑄𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 0 (2.5 points) 

2. Because of symmetry, 𝐁𝐁��⃗  is directed curcularily (along 𝛟𝛟� ). Using a curcular Amperian loop of 
a radius 𝑎𝑎 < 𝑠𝑠 < 𝑏𝑏: 

�  𝐁𝐁��⃗ ∙ 𝑑𝑑𝐥⃗𝐥 = 𝜇𝜇0𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒;𝐵𝐵 ∙ 2𝜋𝜋𝜋𝜋 = 𝜇𝜇0 ∙ 𝜆𝜆𝜆𝜆;  𝐁𝐁��⃗ =
𝜇𝜇0
2𝜋𝜋

𝜆𝜆𝜆𝜆
𝑠𝑠
𝛟𝛟�   

For s < a and s > b, 𝐁𝐁��⃗ = 0 because 𝐼𝐼𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 0 (2.5 points) 

 

3. (5 points) 

The energy density: 

𝑢𝑢 =
1
2

 �𝜖𝜖0𝐸𝐸2 +
1
𝜇𝜇0
𝐵𝐵2� =

1
2
�𝜖𝜖0 �

1
2𝜋𝜋𝜖𝜖0

�
2 𝜆𝜆2

𝑠𝑠2
+

1
𝜇𝜇0
�
𝜇𝜇0
2𝜋𝜋
�
2 𝜆𝜆2𝑣𝑣2

𝑠𝑠2
� =

𝜆𝜆2

8𝜋𝜋2𝜖𝜖0
(1 + 𝜖𝜖0𝜇𝜇0𝑣𝑣2)

1
𝑠𝑠2

 

𝑊𝑊
ℓ

=
𝜆𝜆2

8𝜋𝜋2𝜖𝜖0
(1 + 𝜖𝜖0𝜇𝜇0𝑣𝑣2)

1
ℓ
� 𝑑𝑑𝑑𝑑 � �

1
𝑠𝑠2

 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑏𝑏

𝑎𝑎

2𝜋𝜋

0

ℓ

0
=

𝜆𝜆2

4𝜋𝜋𝜖𝜖0
(1 + 𝜖𝜖0𝜇𝜇0𝑣𝑣2) ln �

𝑏𝑏
𝑎𝑎
� 

 

4. (5 points) 

The momentum density: 

𝐠𝐠�⃗ = 𝜖𝜖0�𝐄𝐄�⃗ × 𝐁𝐁��⃗ � = 𝜖𝜖0 �
1

2𝜋𝜋𝜖𝜖0
𝜆𝜆
𝑠𝑠
� �
𝜇𝜇0
2𝜋𝜋

𝜆𝜆𝜆𝜆
𝑠𝑠
� 𝐳𝐳� =

𝜇𝜇0𝜆𝜆2𝑣𝑣
4𝜋𝜋2𝑠𝑠2

 𝐳𝐳� 

𝐩𝐩��⃗
ℓ

=
𝜇𝜇0𝜆𝜆2𝑣𝑣

4𝜋𝜋2
 𝐳𝐳� �

1
𝑠𝑠2

 2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋
𝑏𝑏

𝑎𝑎
=
𝜇𝜇0𝜆𝜆2𝑣𝑣

2𝜋𝜋
ln �

𝑏𝑏
𝑎𝑎
�  𝐳𝐳� 
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Question 2 (15 points)  

Consider two equal point charges +𝑞𝑞, separated by a distance 2𝑎𝑎 as shown in the figure. The 
equidistant plane (i.e. where the distances between this planе and each charge in the set are 
equal) is the xy plane.  

1. Show that the 𝑇𝑇𝑧𝑧𝑧𝑧, 𝑇𝑇𝑥𝑥𝑥𝑥 ,  𝑇𝑇𝑦𝑦𝑦𝑦 components of the Maxwell stress tensor in the equidistant 
plane are  

𝑇𝑇𝑧𝑧𝑧𝑧 = − 𝑞𝑞2

2(2𝜋𝜋)2𝜖𝜖0

𝑟𝑟2

(𝑎𝑎2+𝑟𝑟2)3 ;  𝑇𝑇𝑥𝑥𝑥𝑥 = 𝑇𝑇𝑦𝑦𝑦𝑦 = 0  (7 points) 

2. Determine the force on the upper charge by integrating the Maxwell stress tensor over the 
equidistant plane. (7 points) 

3. Explain why your result makes sense (1 point) 

Tip 1: you might find useful the following integral: ∫ 𝑟𝑟3

(𝑟𝑟2+𝑎𝑎2)3 𝑑𝑑𝑑𝑑
∞
0 = 1

4𝑎𝑎2
 

Tip 2: you might find useful the surface element 𝑑𝑑𝐚𝐚�⃗  in the xy plane in the cylindrical 
coordinates 𝑑𝑑𝐚𝐚�⃗ = (0, 0,−𝑟𝑟 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑) 

  

+q 

+q 

E 

E 
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Answers to Question 2 (Problem 8.4)  (15 points) 

1. The electric field from one charge: 

𝐄𝐄�⃗ =
1

4𝜋𝜋𝜖𝜖0
𝑞𝑞
𝓇𝓇2 𝓻𝓻�  

In the xy-plane: 

𝐄𝐄�⃗ =
1

4𝜋𝜋𝜖𝜖0
2
𝑞𝑞
𝓇𝓇2 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝓻𝓻� ;  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =

𝑟𝑟
𝓇𝓇

=
𝑟𝑟

√𝑎𝑎2 + 𝑟𝑟2
 

𝐸𝐸𝑧𝑧 = 0 (also because of symmetry) 

𝐸𝐸2 = �
𝑞𝑞

2𝜋𝜋𝜖𝜖0
�
2 𝑟𝑟2

(𝑎𝑎2 + 𝑟𝑟2)3 

𝑇𝑇𝑧𝑧𝑧𝑧 ≡ 𝜖𝜖0 �𝐸𝐸𝑧𝑧𝐸𝐸𝑧𝑧 −
1
2
𝐸𝐸2� = 𝜖𝜖0 �−

1
2
�
𝑞𝑞

2𝜋𝜋𝜖𝜖0
�
2 𝑟𝑟2

(𝑎𝑎2 + 𝑟𝑟2)3� = −
𝑞𝑞2

2(2𝜋𝜋)2𝜖𝜖0
𝑟𝑟2

(𝑎𝑎2 + 𝑟𝑟2)3 

𝑇𝑇𝑥𝑥𝑥𝑥 ≡ 𝜖𝜖0𝐸𝐸𝑥𝑥𝐸𝐸𝑧𝑧 = 0; 𝑇𝑇𝑦𝑦𝑦𝑦 = 0 

(7 points in total) 

 

2.  

𝐅⃗𝐅 = � 𝐓⃖𝐓�⃗ ∙ 𝑑𝑑𝐚𝐚
𝒮𝒮

− 𝜖𝜖0𝜇𝜇0
𝑑𝑑
𝑑𝑑𝑑𝑑
� 𝐒⃗𝐒 𝑑𝑑𝑑𝑑
𝒱𝒱

= � 𝐓⃖𝐓�⃗ ∙ 𝑑𝑑𝐚𝐚�⃗
𝒮𝒮

 

𝐓⃖𝐓�⃗ = �
𝑇𝑇𝑥𝑥𝑥𝑥 𝑇𝑇𝑥𝑥𝑥𝑥 0
𝑇𝑇𝑦𝑦𝑦𝑦 𝑇𝑇𝑦𝑦𝑦𝑦 0
0 0 𝑇𝑇𝑧𝑧𝑧𝑧

� 

𝑑𝑑𝐚𝐚�⃗ = (0, 0,−𝑟𝑟 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑) (in cylindrical coordinates)       

so only the 𝑇𝑇𝑧𝑧𝑧𝑧𝑑𝑑𝑑𝑑𝑧𝑧 component is non-zero and therefore only 𝐹𝐹𝑧𝑧 in non-zero  

𝐹𝐹𝑥𝑥 = 𝐹𝐹𝑦𝑦 = 0         

𝐹𝐹𝑧𝑧 = � 𝑇𝑇𝑧𝑧𝑧𝑧𝑑𝑑𝑑𝑑𝑧𝑧
𝒮𝒮

= �
𝑞𝑞2

2(2𝜋𝜋)2𝜖𝜖0
𝑟𝑟2

(𝑎𝑎2 + 𝑟𝑟2)3 𝑟𝑟 𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 =
𝑞𝑞2

2(2𝜋𝜋)2𝜖𝜖0
2𝜋𝜋�

𝑟𝑟3

(𝑎𝑎2 + 𝑟𝑟2)3  𝑑𝑑𝑑𝑑
∞

0
=

1
4𝜋𝜋𝜖𝜖0

𝑞𝑞2

(2𝑎𝑎)2 

(7 points in total)          

Note added: Some asked if there is a typo in the integral in Griffiths’ solutions manual – yes, 
it is: the cube should be substituted with a square: 

�
𝑢𝑢 𝑑𝑑𝑑𝑑

(𝑢𝑢 + 𝑎𝑎2)3 = {𝑥𝑥 = 𝑢𝑢 + 𝑎𝑎2} = �
(𝑥𝑥 − 𝑎𝑎2) 𝑑𝑑𝑑𝑑

𝑥𝑥3
= �

𝑑𝑑𝑑𝑑
𝑥𝑥2

− 𝑎𝑎2 �
𝑑𝑑𝑑𝑑
𝑥𝑥3

= −
1
𝑥𝑥

+
𝑎𝑎2

2
1
𝑥𝑥2

= −
1

𝑢𝑢 + 𝑎𝑎2
+

𝑎𝑎2

2 (𝑢𝑢 + 𝑎𝑎2)32 

For Question 2 it doesn’t matter as the right value of the integral already provided. 

3. This is exactly the force according to Coulomb’s law.     (1 point) 

  

1 point 

2 points 

1 point 

2 points 

1 point 

1 point 

2 points 

4 points 
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Question 3 (15 points) 
A plane electromagnetic wave travelling through vacuum in the positive 𝑧𝑧 direction and 
polarized along the 𝑥𝑥 direction, encounters a perfect conductor, occupying the region 𝑧𝑧 ≥ 0, 
and reflects back. The electric field inside a perfect conductor is zero.  
1. Show, by invoking the proper boundary condition, that the complete electric field of the 
plane electromagnetic wave in the 𝑧𝑧 < 0 region is 𝐄𝐄�⃗ = 𝐸𝐸0[𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘 − 𝜔𝜔𝜔𝜔) − 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘 + 𝜔𝜔𝜔𝜔)] 𝐱𝐱� 
(4 points) 

2. Show that the accompanying magnetic field in the 𝑧𝑧 < 0 region is  

𝐁𝐁��⃗ = 𝐸𝐸0
𝑐𝑐

[𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘 − 𝜔𝜔𝜔𝜔) + 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘 + 𝜔𝜔𝜔𝜔)] 𝐲𝐲�  (3 points) 

3. Assuming 𝐁𝐁��⃗ = 𝟎𝟎 inside the conductor, find the current 𝐊𝐊��⃗  on the surface z = 0, by invoking 
the appropriate boundary condition. (3 points) 

4. Find the time-averaged magnetic force 𝐟𝐟 per unit area on the surface (Tip: 𝐟𝐟 = 𝐊𝐊��⃗ × 𝐁𝐁��⃗ )  
(3 points) 
5. Calculate the expected radiation pressure and compare your result with it. (2 points) 
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Answer to Question 3 (Griffiths, Problem 9.34 modified) 
1. (4 points) 
Because the EM wave orthogonal to the interface, the boundary condition  
𝐄𝐄1
∥ − 𝐄𝐄2

∥ = 0 
𝐄𝐄2
∥ = 0 because the conductor is perfect     (1 point) 

EI + E𝑅𝑅 = 0; ER = −E𝐼𝐼  - the reflected wave has a 𝜋𝜋 phase shift  (1 point) 
𝐄𝐄 = 𝐸𝐸0[𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘 − 𝜔𝜔𝜔𝜔) − 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘 + 𝜔𝜔𝜔𝜔)]𝐱𝐱�     (2 points) 
          (-1 point if no 𝐱𝐱�) 
          (-1 point if -kz) 
2. (3 points) 
𝐁𝐁 = 𝐸𝐸0

𝑐𝑐
[𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘 − 𝜔𝜔𝜔𝜔) + 𝑐𝑐𝑐𝑐𝑐𝑐(𝑘𝑘𝑘𝑘 + 𝜔𝜔𝜔𝜔)]𝐲𝐲�      

𝐵𝐵0 = 𝐸𝐸0
𝑐𝑐

  because of scaling of the magnetic field   (-1 point if incorrect) 

𝐲𝐲� because of polarization along 𝐱𝐱� and propagation along 𝐳𝐳�   (-1 point if incorrect) 

The “+” sign because 𝐄𝐄 changes the sign upon reflection but 𝐁𝐁 does not, and 𝐄𝐄 × 𝐁𝐁 is directed 
to the propagation direction      (-1 point if incorrect) 

 
3. (3 points) 
The boundary condition 1

𝜇𝜇1
𝐁𝐁1
∥ − 1

𝜇𝜇2
𝐁𝐁2
∥ = 𝐊𝐊𝑓𝑓 × 𝐧𝐧� is given in the extended formula sheet 

𝐊𝐊��⃗ × (−𝐳𝐳�) =
1
𝜇𝜇0
𝐁𝐁��⃗ =

𝐸𝐸0
𝜇𝜇0𝑐𝑐

[2𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔)] 𝐲𝐲�;  𝐊𝐊��⃗ =
2𝐸𝐸0
𝜇𝜇0𝑐𝑐

𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) 𝐱𝐱� 

 
4. (3 points) 
The force per unit area at z=0 is 

𝐟𝐟 = 𝐊𝐊��⃗ × 𝐁𝐁��⃗ =
2𝐸𝐸02

𝜇𝜇0𝑐𝑐2
[𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) 𝐱𝐱�] × [𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) 𝐲𝐲�] = 2𝜖𝜖0𝐸𝐸02𝑐𝑐𝑐𝑐𝑐𝑐2(𝜔𝜔𝜔𝜔) 𝒛𝒛�   �=

2𝐸𝐸02

𝜇𝜇0𝑐𝑐2
𝑐𝑐𝑐𝑐𝑐𝑐2(𝜔𝜔𝜔𝜔) 𝒛𝒛�� 

Note added: at the first glance, there is a factor of 2 missing here (one multiplier of 2 from 𝐁𝐁��⃗  
and another 2 from 𝐊𝐊��⃗ ). However, the magnetic field has the amplitude of 𝐵𝐵𝑧𝑧<0 =
2𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) at 𝑧𝑧 < 0 and 𝐵𝐵𝑧𝑧>0 = 0 at 𝑧𝑧 > 0 while the force is calculated exactly at 𝑧𝑧 = 0. 
Therefore, the “effective” magnetic field applied to the electrons, is an average of the two: 
𝐵𝐵𝑧𝑧=0
𝑒𝑒𝑒𝑒𝑒𝑒 = (𝐵𝐵𝑧𝑧<0 + 𝐵𝐵𝑧𝑧>0)/2 = 𝐵𝐵𝑧𝑧<0/2. For more discussion on the point, see Chapter 2.5.3 (it’s 

about the electric field but the idea is the same). No points are deduced if the factor of 2 is 
still present in the answer. 
The time average of 𝑐𝑐𝑐𝑐𝑐𝑐2(𝑡𝑡) = 0.5, so 𝐟𝐟𝑎𝑎𝑎𝑎𝑎𝑎 = 𝜖𝜖0𝐸𝐸02 𝒛𝒛� �= 𝐸𝐸02

𝜇𝜇0𝑐𝑐2
 𝒛𝒛�� 

 
5. This is twice the radiation pressure 𝑃𝑃 = 𝐼𝐼 𝑐𝑐⁄ = 1

2
𝜖𝜖0𝐸𝐸02 calculated for a perfect absorber, 

whereas this is a perfect reflector.  (2 points) 
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Question 4 (5 points) 
Write down the (real) electric and magnetic fields for a monochromatic plane wave of 
amplitude 𝐸𝐸0, frequency 𝜔𝜔, and phase angle zero that is traveling in the negative x direction 
and polarized in the z direction. 
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Answer to Question 4 (Griffiths, Problem 9.9a) (5 points) 
 
𝐤⃗𝐤 = −

𝜔𝜔
𝑐𝑐

 𝐱𝐱�;   𝐧𝐧� = 𝐳𝐳�;  𝐤⃗𝐤 ∙ 𝐫⃗𝐫 = �−
𝜔𝜔
𝑐𝑐
𝐴𝐴 𝐱𝐱�� ∙ (𝑥𝑥 𝐱𝐱� + 𝑦𝑦 𝐲𝐲� + 𝑧𝑧 𝐳𝐳�) = −

𝜔𝜔
𝑐𝑐
𝑥𝑥;  𝐤⃗𝐤 × 𝐧𝐧� = −𝐱𝐱� × 𝐳𝐳� = 𝐲𝐲� 

 

𝐄𝐄�⃗ (𝑥𝑥, 𝑡𝑡) = 𝐸𝐸0𝑐𝑐𝑐𝑐𝑐𝑐 �
𝜔𝜔
𝑐𝑐
𝑥𝑥 + 𝜔𝜔𝜔𝜔� 𝐳𝐳�;   𝐁𝐁��⃗ (𝑥𝑥, 𝑡𝑡) =

𝐸𝐸0
𝑐𝑐
𝑐𝑐𝑐𝑐𝑐𝑐 �

𝜔𝜔
𝑐𝑐
𝑥𝑥 + 𝜔𝜔𝜔𝜔� 𝐲𝐲� 

-1 point if -kx (wrong direction) 
-1 point if wrong polarization 
-1 point if 𝐄𝐄�⃗  and/or 𝐁𝐁��⃗  are not vectors 
-1 point if 𝐁𝐁��⃗ -direction is not correct 
-1 point if B-scaling is not correct 
-0.5 point if k enters the answer as k was not given. 
 
 
 
 
 
____________________________________________________________________ 
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