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Question 1. (15 points)

An infinitely long cylindrical tube, of radius @, moves at constant speed v along its axis. It
carries a net charge per unit length A, uniformly distributed over its surface. Surrounding it, at
radius b, is another cylinder, moving with the same velocity but carrying the opposite charge

(=.

1. Show that electric field is zero for s < @ and s > b, while between the cylinders: E= 27116 %’s‘
0
(2.5 points)
2. Show that magnetic field is zero for s < a and s > b, while between the cylinders: B= g—it—v ¢

(2.5 points)

3. Find the energy per unit length W /£ stored in the fields. (5 points)
4. Find the momentum per unit length p/# in the fields. (5 points)



Answers to Question 1 (Problem 8.14a,b) (10 points)
1. Because of symmetry, E is directed radially (along §). Using a cylindrical Gaussian curface
of aradius a < s < b and length /:

R 1 1 - 1
E-da= — iE-2nsl=—AL E = -8
£ a €o Qenet s €, 2meEy S S
Fors <aand s > b, E = 0 because Qenct =0 (2.5 points)

2. Because of symmetry, B is directed curcularily (along ¢). Using a curcular Amperian loop of
aradiusa < s < b:

= —  Ug AV
f‘ B dl = polenci; B 2ms = pg - Av; B:%?(I)

Fors <aand s> b, B = 0 because lone =0 (2.5 points)

3. (5 points)

The energy density:
1 1 1 1 \*2%2 1 ,up\2 2202 22 1
== E2+—Bz)=— ( )—+—— = 1+ =
“=3 (60 Ko 2 [60 2mey) S? 0w (Zn) s? 87‘[260( Coko¥ )52
w AZ 1 £ 2w b 1 AZ b
— = 1 2 —f dlf f — sdsdg = 1 91 (—)
; 87‘[260( + €0tV )f . . ). s? sasag 47T60( + €oiov?) In a

4. (5 points)

The momentum density:

1 /’l) (,uo )lv>A UoA?v
— _ 7=

g=¢c(ExB) = )=
g=col )= ¢ (Zneos 2w s 4mzs?
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Question 2 (15 points)
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Consider two equal point charges +q, separated by a distance 2a as shown in the figure. The
equidistant plane (i.e. where the distances between this plane and each charge in the set are
equal) is the xy plane.

1. Show that the T,,, Tx,, T, components of the Maxwell stress tensor in the equidistant
plane are

2 2

Tyy = —— s
ZZ. T 2(2m)2€ (a2+12)3’

Ty, =Ty, = 0 (7 points)
2. Determine the force on the upper charge by integrating the Maxwell stress tensor over the
equidistant plane. (7 points)

3. Explain why your result makes sense (1 point)

o) 3
Tip 1: you might find useful the following integral: J " dr=—

(r2+a2)3 4qa?

Tip 2: you might find useful the surface element da in the xy plane in the cylindrical
coordinates da = (0,0, —r drdg)



Answers to Question 2 (Problem 8.4) (15 points)

1. The electric field from one charge:

E= 1 14’; 1 point
4mey 12

In the xy-plane:

5 1 q r r .
E= 2— 6 7; 0=—=— 2 points
Ame, 1 €os €os r  JaZ +r2 p
E, = 0 (also because of symmetry) 1 point

T,, = (EE 1E2>_ 1( 1 )2 . = 1 - 2 poi
2z = Co\B2B2 T8 ) T 0\ T2 \2ne,) (@2 +72)32) T T 2(2m)2e, (@2 +12)° points

Ty, = €ExE, =0;T,, =0 1 point

(7 points in total)

2.
F=§ T 4 54 § i-aa
S ' a_EoﬂO_ T = da :
p dt ), p 1 point
. Tox Tyy O
T=|\T,x T,, O
0 0 T,

da = (0,0, —r dr d¢) (in cylindrical coordinates)

so only the T,,da, component is non-zero and therefore only F, in non-zero

F,=F =0 2 points

FZ=-<§ Tzzdaz=ff a r’ rdrd(p=q—227rfoo r’ dr = L &
B 2(2m)?%€y (a? +1?)3 2(2m)?e, o (a?+1r?)3 Amey (2a)?

(7 points in total) 4 points

Note added: Some asked if there is a typo in the integral in Griffiths’ solutions manual — yes,
it is: the cube should be substituted with a square:

udu = u+ 2}_f(x—a2)dx_fdx 5 dx_ 1+a21_ 1 4 a
(u+a2)3_x_u aI= x3 — ) x? @ x3  x 2x2 u+4a? 2(u+a?)3?
For Question 2 it doesn’t matter as the right value of the integral already provided.

2

3. This is exactly the force according to Coulomb’s law. (1 point)



Question 3 (15 points)

A plane electromagnetic wave travelling through vacuum in the positive z direction and
polarized along the x direction, encounters a perfect conductor, occupying the region z > 0,
and reflects back. The electric field inside a perfect conductor is zero.

1. Show, by invoking the proper boundary condition, that the complete electric field of the
plane electromagnetic wave in the z < 0 region is E= Eylcos(kz — wt) — cos(kz + wt)] R

(4 points)
2. Show that the accompanying magnetic field in the z < 0 region is

B = % [cos(kz — wt) + cos(kz + wt)] § (3 points)

3. Assuming B = 0 inside the conductor, find the current K on the surface z = 0, by invoking
the appropriate boundary condition. (3 points)

4. Find the time-averaged magnetic force f per unit area on the surface (Tip: f=Kx ﬁ)
(3 points)

5. Calculate the expected radiation pressure and compare your result with it. (2 points)



Answer to Question 3 (Griffiths, Problem 9.34 modified)
1. (4 points)
Because the EM wave orthogonal to the interface, the boundary condition

El —El =0

Eg = 0 because the conductor is perfect (1 point)
E; +Er =0;Eg = —E; - thereflected wave has a  phase shift (1 point)
E = Ey[cos(kz — wt) — cos(kz + wt)]X (2 points)

(-1 point if no X)
(-1 point if -kz)
2. (3 points)

B= % [cos(kz — wt) + cos(kz + wt)]§
By = % because of scaling of the magnetic field (-1 point if incorrect)

y because of polarization along X and propagation along Z (-1 point if incorrect)

The “+” sign because E changes the sign upon reflection but B does not, and E X B is directed
to the propagation direction (-1 point if incorrect)

3. (3 points)
The boundary condition Mi B! — ui B) = Ky X fi is given in the extended formula sheet
1 2

KX (=zZ) = —B = —|[2cos(wt)] §; K=——cos(wt) X
Ho HoC HoC

4. (3 points)

The force per unit area at z=0 is

2E2

c2

2

2E
p [cos(wt) K] X [cos(wt) §] = 2€yEicos?(wt) Z {= p COZ cos?(wt) 2}
0 0

Note added: at the first glance, there is a factor of 2 missing here (one multiplier of 2 from B

—

f=KxB=

and another 2 from ﬁ). However, the magnetic field has the amplitude of B,y =
2cos(wt) at z < 0 and B,-, = 0 at z > 0 while the force is calculated exactly at z = 0.
Therefore, the “effective” magnetic field applied to the electrons, is an average of the two:

Bzeig = (By<o + B;>0)/2 = B,<(/2. For more discussion on the point, see Chapter 2.5.3 (it’s

about the electric field but the idea is the same). No points are deduced if the factor of 2 is
still present in the answer.

. 2 ~ E¢
The time average of cos?(t) = 0.5, so f,, = €E} z{z p ‘;Z z}
0

C . 1
5. This is twice the radiation pressure P = I /c = > €oE§ calculated for a perfect absorber,
whereas this is a perfect reflector. (2 points)



Question 4 (5 points)

Write down the (real) electric and magnetic fields for a monochromatic plane wave of
amplitude E|, frequency w, and phase angle zero that is traveling in the negative x direction
and polarized in the z direction.



Answer to Question 4 (Griffiths, Problem 9.9a) (5 points)

S w
k=——
C

= - a) A A A A =4 Py A A A
)’Z;fizi;k-r=(——Ax)-(xx+yy+zz)=— x; Kxfi=—-8%XZ=9
c

)
c
E(x,t) = Eycos (gx + wt) 2; B(x,t) = &cos (gx + wt) y

c c c
-1 point if -kx (wrong direction)
-1 point if wrong polarization

-1 point if E and/or B are not vectors

-1 point if B-direction is not correct
-1 point if B-scaling is not correct
-0.5 point if k enters the answer as k& was not given.

M fhens,

Maxim Pchenitchnikov Steven Hoekstra
May 21 2019
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